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Some Generalized Results of Fixed Points
in Cone b-Metric Spaces

RENY GEORGE AND BRIAN FISHER

ABSTRACT. A generalised common fixed point theorem of Taskovié¢
type for three mappings f : X — X and S,7 : X* — X in a cone
b-metric space is proved. Our result generalises many well-known re-
sults.

1. INTRODUCTION

Fixed point theory has got wide applications in different branches of math-
ematics. In 1922, the work of S. Banach known as the Banach Contraction
Principle, laid the foundation for studies of fixed point theory. Since then,
many mathematicians have extended and generalised the work of Banach in
different directions. In 1976 Taskovié¢ [22] proved a localization theorem on
a cartesian product of metric spaces as a solution of Kuratowski’s problem
of 1932, see: Brown [24]. Later many such results were proved by many
authors including Presic [1], Ciric and Presic [2] etc. In [21], Bakhtin intro-
duced the concept of a b-metric space as a generalisation of a metric space
and proved the contraction mapping theorem in a b-metric space. Since
then, several papers have dealt with fixed point theory or variational prin-
ciple for single-valued and multivalued mappings in b-metric spaces. Huang
and Zang [3], generalising the notion of a metric space by replacing the set
of real numbers by ordered normed spaces, defined a cone metric space and
proved some fixed point theorems of contractive mappings defined on these
spaces. Rezapour and Hamlbarani [4], omitting the assumption of normality,
obtained generalisations of results of [3]. In [5], Di Bari and Vetro obtained
results on points of coincidence and common fixed points in non-normal cone
metric spaces. Further results on fixed point theorems in such spaces were
obtained by several authors, see [5-15|. In [20], Hussein and Shah introduced
cone b-metric spaces as a generalisation of b-metric spaces and cone metric
spaces, established some topological properties in such spaces and improved
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some results of KKM mappings in the setting of a cone b-metric space. Cone
b-metric spaces play a useful role in fixed point theory. In fact there exist
mappings with common fixed points which are contraction mappings in a
cone b-metric space but are not contraction mappings when defined in a cone
metric space. Example 1 of this paper illustrates this fact. The purpose of
this paper is to prove a common fixed point theorem of Taskovié¢ type for
three mappings in non-normal cone b-metric spaces, which will extend and
generalise recent results of Huang and Xu [19], George and Khan[16], Rao
et al. [18], George et al. [17] and also many existing results in metric spaces,
b-metric spaces and cone b-metric spaces.

2. PRELIMINARIES

Let E be a real Banach space and P a subset of . Then P is called a
cone if

(i) P is closed, non-empty and satisfies P # {0},
(ii) ax 4+ by € P for all x,y € P and non-negative real numbers a, b,
(iii) r€e Pand —r € P=2=0,ie. PN(—-P)=0.

Given a cone P C E, we define a partial ordering < with respect to P by
x =X y if and only if y — z € P. We shall write x < y if x < y and x # v,
and x < y if y — x € int P, where int P denotes the interior of P. The cone
P is called normal if there is a number K > 0 such that for all x,y € FE,
0 =z =y implies || z [[= K [| y [|.

Definition 1 ([3]). Let X be a non empty set. Suppose that the mapping
d: X x X — FE satisfies:

(d1) 0 = d(x,y) for all x,y € X and d(z,y) = 0 if and only if z = v,

(d2) d(z,y) = d(y,z) for all z,y € X,
(d3) d(z,y) < d(z,2) +d(z,y) for all z,y,z € X.

Then d is called a cone metric on X and (X ,d) is called a cone metric space.

Definition 2 ([3]). Let X be a non empty set and s > 1 be a given real
number. Suppose that the mapping d : X x X — E satisfies:

(d1) 0 <d(x,y) for all x,y € X and d(z,y) = 0 if and only if z = y,
(d2) d(z,y) = d(y,x) for all z,y € X,
(d3) d(z,y) < s.[d(z,z) +d(z,y)] for all z,y,z € X.

Then, d is called a cone b-metric on X and (X, d) is called a cone b-metric
space.

Definition 3 (|3]). Let (X, d) be a cone b-metric space. The sequence {z, }
in X is said to be:
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(a) a convergent sequence if for every ¢ € E with 0 < ¢, there is ng € N
such that for all n > ng, d(x,,z) < c for some z € X. We denote
this by lim,, o z, = x,

(b) a Cauchy sequence if for all ¢ € F with 0 < ¢, there is ng € N such
that d(zp,, z,) < ¢, for all m,n > ng,

(c) a cone b-metric space (X, d) is said to be complete if every Cauchy
sequence in X is convergent in X.

(d) aself-map T on X is said to be continuous if lim,,_,~, z, = = implies
that lim,, oo T'(zy) = T'(x), for every sequence {z,} in X.

Definition 4 ([16]). Let (X,d) be a metric space, k a positive integer,
T:XF - X and f: X — X be mappings.

(a) An element = € X is said to be a coincidence point of f and T if
and only if f(z) =T(z,z,...,z). f x = f(z) =T(z,x,...,x), then
we say that = is a common fized point of f and T. If w = f(z) =
T(z,x,...,z), then w is called a point of coincidence of f and T

(b) Mappings f and T" are said to be commuting if and only if
fl(x,z,...;z)) =T (fzx, fz,..., fzx) for all z € X.

(c) Mappings f and T are said to be weakly compatible if and only if
they commute at their coincidence points.

Remark 1. For £ = 1, the above definitions reduce to the usual definition
of commuting and weakly compatible mappings in a metric space.

The set of coincidence points of f and T is denoted by C(f,T).

3. MAIN RESULTS

In the following, we consider a function ¢ : E*¥ — E such that

(a) ¢ is an increasing function, i.e., x1 < y1,22 =< Y2,..., Tk = Yg implies

¢(.’L‘1,1‘2,...,£L'k) = ¢(Z’J17y2,-- . 7yk)7
(b) ¢(t,t,t,...) <t forallt e X.

Now, we present our main results as follows:

Theorem 1. Let (X,d) be a complete cone b-metric space with coefficient
s > 1 and solid cone P contained in a real Banach space E. For any positive
integer k, let S,T : X* — X and f : X — X be mappings satisfying the
following conditions:

(3-1) S(XH T € f(X)
Bmg\)/{T{d(IB(xh T2,y xk),’)/(l'Q, xr3, ... 7xk+1))}
y=SVvT

(3.2) < AG(d(fx1, fra),d(fxa, fr3), ..., (frn, forir))

for all x1, 20, ... 251 € X, s*Xe(0,1),
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(3.3) f(X) is complete,

there exist elements x1,x2,...,Tk, k41 n X and R in E such that
frpir =T(x1,29,...,2), 0< R and R is the upper bound

of the set {d(fxl’fo) d(fz2, fz3) (W%ka’ﬂ)} ’

7 , 02 ey o
where § = )\%.

(3.4)

Then f and T have a coincidence point, i.e. C(f,T) # 0.

Proof. By (3.1)and (3.4) we define a sequence < y,, > in f(X) by y, = fz,
forn =1,2,... k, ypron—1 = [(@Try2n—1) = S(T2n—1,%2n, ..., Tontr—2) and
Ykton = f(Tryon) = T(T2n, T2nt1s - -, Tongp—1) forn =1,2,....

Let oy, = d(Yn,Yn+1). Then by the method of mathematical induction,
we will now prove that

(3.5) a, < R.O™

for all n. Clearly by the definition of R, (3.5) is true forn =1,2,... k. Let
the k inequalities ay, < RO™, apy1 < RO, .. apii—1 = RO~ be the
induction hypothesis. Then for any odd n we have

Ukyn = d(Yktns Yotnt1)
=d(S(@n, Tpi1,s - s Tngk—1), T(Xnt1, Tng2y ooy Tntk))
2A(A(fn, foni1), d(frns1, font2), o d(fonk—1, fTnik))
= Ao(am, Oty e oy Qpyf—1)

< AG(RO™, RO™TL, .. RO"TETL)

< A¢(R9” RO",...,RO™) < ARO™ = RO"™*.

Further

Optnt1 = A(Yktnt1s Yhtnt2)

= d(T(:UThLla Ln+2y - - rrn—i-k): T($n+2, Ln+3y - - 7$n+k+1))
A A(frnt1, fons2), d(fTny2, fTnis), - d(fonik, fTnikt))
=A¢ On41, On42, ... 7an+k)

(
(
< AG(RO™TL, RO"T2 .. RO™HK)
< Ap(RO™T, RO™TL . RO"TL) < ARG = ROFTHL

Thus inductive proof of (3.5) is complete.
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Now for all n,p € N, we have

d(Yn, yner) = 5.d(Yn, Ynt+1) + 52d(yn+1, Ynt2) + -+ Spd(ynerfla yn+p)a
< sRO™ + s>RO™T! 4 ... 4 sPRO™TP]
< sP(RO™ + RO™! 4 ... 4 RO"TP)

sPRO™

1-6°

< sPRO"(1+0+6*+---) =

Now let 0 < ¢ be given. Choose § > 0 such that ¢ + N5(0) C P, where
Ns(0) = {y € E;| y ||[< 6}. Also choose a natural number N; such that
% € N;(0), for all n > Nj. Then % Re < c for all n > Ny and so
A(Yn, Yntp) = 55 Re < cforall n > Ny.

Hence, the sequence < y,, > is a Cauchy sequence in f(X) and since f(X)
is complete, there exists v,u € X such that lim, 0o yn = v = f(u).

Now choose a natural number Ny such that d(y,, ynt1) < WC@H) and

d(v,yn) < s(k+1) for all n > Ns. Suppose k is even. Then for all n > Ny

d(fu,S(u,u,...u)) =2 sld(fu, ygron—1) + d(Yk+on—1, S (u, u, ..., u))]
= sld(fu, yrron—1) + d(S(Tan—1,Ton, - - - s Tpron—2), S(u, u, ..., u))]
< sd(fu, Ypgpon—1) + s2d(S(u,u, . .., u), T(u,u, . .., Top_1))
+ $3.d(T(u,u, ... x2n), S(uu, . .., Ton_1, Ton))
o sF (T (uy Ton—1, - - - Thron—s), S(Ton_1, Tonts - - - » Thron—2)
< sd(fu, Yrgon—1) + S2A{d(fu, fu), d(fu, fu),...,d(fu, fro,_1)}
+ S A¢{d(fu, fu), d(fu, fu), ..., d(fu, fron—1),d(fron—1, fron)} + -
+ 8" A¢ld(fu, fean-1),d(fr2n-1, f2on), . d(fori2n-s, [Thron—2)}
= sd(fu, Yn+k) + s2AB(0,0,. .., d(fu, fr2,-1))
+ 83Xp(0,0,. .., d(fu, fron—1),d(fTon—1, fT2,)) + -

+ sFTINS(d(fu, fron—1), d(fron—1, fT2n), - A(fThi2n—3: fThtan—2))
SC C C C

2 —
st MG D oG D) G 1)

3 c c c
A e
M LG R G AT T)

kLY, c c c
ot ¢(sk+1)\(k+1)’ sk+1A(k+1)""’s’f+1)\(k+1))
C

< T W A —¢
Frl ANk NE+D) €

<
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If k is odd, then for all n > Ny

d(fu, S(u,u,...,u)) = s.[d(fu, Yp+on—1) + d(Yrtr2n—1, S (u,u, ..., u))]
= s[d(fu, Ykton—1) + d(S(zan—1,T2n, - . ., Thran—2), S(u,u, ..., u))]
< sd(fu, Ypron—1) + s2d(S(u,u, ..., u), T(u,u, ..., Ton_1))

+ $S3d(T (u,u, . .., 20), S(U, 1y . . . Top_1,Ton)) + - - -

+ P (T (w, uy Ton 1, - - -, Tigon—a), S(Us Ton—1, Tons - - - » Thpon—3)

+ s*d(S(u, 2an—1, - s Throan—3)s S(Tan—1, T, - - -, Thron_2)

Proceeding as above we get d(fu,S(u,u,...u)) < c.

Thus, d(fu, S(u,u,...,u)) < % for all m > 1.

So, = —d(fu,S(u,u,...,u)) € Pforall m > 1. Since < — 0 as m — oo
and P is closed, —d(fu, S(u,u,...,u)) € P,but P((—P) = /0/. Therefore,
d(fu,S(u,u,...,u)) =0. Thus, fu=S(u,u,u,...,u).

From (3.2) we have

d(fu, T(u,u,...,u) <d(fu,S(u,u,...,u))+
+d(S(u,u,...,u), T(u,u,...,u)) =0,

and so fu=T(u,u,...,u), i.e. C(f,T,S) #0. O

Theorem 2. Let (X,d) be a complete cone b-metric space with solid cone
P contained in a real Banach space E. For any positive integer k, let S, T :
Xk = X and f: X — X be mappings satisfying (3.1), (3.2), (3.3) and let
there exist elements x1, xa, ... xE in X satisfying (3.4). If the pairs (f,S) and
(f,T) are weakly compatible pairs, then f, S and T have a unique common
fized point provided any one of the following hold :

(3.6) d(S(u,u,...,u), T(v,v,...,v)) < d(fu, fv)

s—1
3.7 0<AK .
Moreover if x1,22,...,x are arbitrary points in X and forn € N, ypir =
f(@nar) =T(xn, Tty - s Tnak—1), n = 1,2,..., then the sequence < y, >
is convergent and limy, = f(limy,) = T'(limy,, limy,, ...,limy,).

Proof. As proved in Theorem 3.1, there exists v,u € X such that li_>m Yn =
v=f(u) =S(u,u,...,u) =T(u,u,...,u). Since the pairs (f,S) and (f,T)
are weakly compatible pairs, we have f fu = f(S(u,u,...u) = S(fu, fu, fu... fu)
and ffu= f(T(u,u,...u) =T(fu, fu, fu...fu).

Suppose (3.6) hold. Then we have

d(fu, ffu) =d(S(u,u,...,u), T(fu, fu,..., fu)) < d(fu, ffu).
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Therefore fu = ffu, i.e. fu = v is a common fixed point of f,S and T'. If
(3.7) hold, by (3.2) for any even k we have,

d(f fu, fu) =d(fT(u,u,...,u),T(u,u,...,u))

=d(T(fu, fu, fu,..., fu), T(u,u,...,u))

< sd(T(fu, fu, fu,..., fu), S(fu, fu,..., fu,u))
+ s2.d(S(fu, fu,..., fu,uw), T(fu, fu,...,u,u)) +---
+ " Ld(S(fu,u,. .. u,u), T(u,u, . .., u))

= sAg(d(f fu, ffu), ... d(f fu, ffu),d(f fu, fu))

+$°AG(d(f fu, ffu),...,d(f fu, fu), d(fu, fu)) +---
+ s I (d(f fu. fu). ... d(fu, fu),d(fu, fu))

= sA$(0,0,0,....d(ffu, fu)) + s*A¢(0,0,...,0,d(f fu, fu),0)
+ - sPING(d(f fu, fu),0,0,...,0)

< {s+s+-+s"IN(f fu, fu)

<{1+s+s>+ - +s"NNd(f fu, fu)

)

Similarly for any odd k we have

d(ffu, fu) =d(fT(u,u,...,u), T(u,u,...,u))
=d(T(fu, fu, fu,..., fu), T(u,u,...,u))
= sd(T(fu, fu, fu,..., fu),S(fu, fu,..., fu,u))
+ 82d(S(fu, fu, ..., fu,u), T(fu, fu,..., u,u)) +---
+ L AT (fuyu, ., w), T, u, ..., w)
sk —1

1 A(f fu, fu).

=
5 —

Thus for any k£ By lemma (1.10) we get d(f fu, fu) = 0 and so ffu = fu.
Thus we have,

fu= ffu=S(fu, fu,...,w) =T(fu, fu,..., fu),

ie.,

and

limy, = f(limy,) = S(limy,, limy,,...,limy,)
= T(limyy,, limy,, ..., limy,).



46 SOME GENERALIZED RESULTS OF FIXED PoOINTS IN CONE B-METRIC SPACES

Now suppose z,y be two fixed points of f and 7. Then if (3.6) holds

d(:L‘, y) = d(T(:’U’ $7 x" "7'T)5T(y7 y7 y"‘ * 7y))
<L d(fz, fy) = d(z,y)
and so z = y.

If (3.7) holds then proceeding as before we get
d($, y) = d(T($, T, Z,... 7'7;)7 T(ya Y,Y,--- 7:'-/))
sk —1
<
— s—1

Ad(x,y).

By Lemma (1.10) we get d(x,y) = 0, which implies z = y. Hence, the
common fixed point is unique. O

Following the same lines as in the proof of the above theorems we get the
following;:

Theorem 3. Let (X,d) be a complete cone b-metric space with solid cone
P contained in a real Banach space E. For any even positive integer k, let
S, T: X" = X and f: X — X be mappings satisfying (3.1), (3.3), (3.4)
and

d .. o
Bglng{ (B(x1, 22, .. ), ¥ (2, 23, - - -, Tpt1)) }
y=SVvT

(3.8) B#y
2AQ(d(fx1, fra),d(fxe, f23),. .., (for, frrsr))

forall z1,z9,...,xp41 € X, A€ (0,1).

If the pairs (f,S) and (f,T) are weakly compatible pairs and if one of (3.6)
or (3.7) hold, then f, S and T have a unique common fized point.

Moreover if x1,xa,...,xx are arbitrary points in X and forn € N
Yntk = [(@nir) =T (Tn, Tty -« s Tnyk-1), N =1,2,...,
then the sequence < y, > is convergent and
limy, = f(limy,) = S(limy,, limy,,...,limy,)
= T(limyy,, limy,, ..., limy,).

Taking S = T in theorem 3.2 we have the following:

Theorem 4. Let (X,d) be a complete cone b-metric space with solid cone
P contained in a real Banach space E. For any positive integer k, let T :
X¥ = X and f: X — X be mappings satisfying (3.1), (3.3), (3.4) and

d(T(xl,{L‘g, N ,J}k),T(xQ, T3y .. ,{BkJrl))}
(39) = )\¢(d(f.’1]1, fo)a d(fx% f$3)7 BRI (kaa ka+1))

for all x1,29,... ;251 € X, A€ (0,1)
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If the pairs (f,S) and (f,T) are weakly compatible pairs and if one of (3.6)
or (3.7) hold, then f and T have a unique common fized point.

Moreover if x1,xo,...,xr are arbitrary points in X and for n € N

Yn+k = f(xn—‘rk) - T(l‘nw/xn-i-ly cee xn+k—1)7n - 17 27 ey

then the sequence <y, > s convergent and

limy, = f(limy,) = T(limy,,limy,, ..., limy,).

Remark 2. Theorem 3.2 is a proper extension and generalisation of the
results of George and Khan[16], George et al [17], Rao et al[18] etc.

Remark 3. Applying the general principle of transpose for cones (see [23])
to theorems 3.2 and 3.3 we get extended and generalised versions of results
proved in [1], [2] and [22].

Remark 4. If we take k = 1 in Theorem 3.4, we get the extended and
generalised versions of the result of [19], [3] and [4].

Example 1. Let £ = R?, P = {(x,y) € E\z,y > 0}, X = {1,2,3,4} and
d: X x X — E such that

_JUe—y[Tha—y ™), ifz#y
(3.10) d(z,y) = {(0,0), fo—y

Then, d is a cone b-metric on X. Indeed, d(z,y) < $[d(xz,z) + d(z,y)].
However d(1,2) = (1,1) > (2,2) = d(1,4) + d(4,2) and so d is not a cone
metric on X. Let T: X2 — X and f: X — X be defined as follows:

(3.11) T(z,y) = {4’ fz=v  o)=a

0, ifx#y

We see that T and f satisfy conditions (3.2)and (3.6) with £ = 2, A
and ¢(x1,x9) = max{x1,ze}. However in the cone metric space (X, d) with
E=RYP={(z,y) € E\v,y >0},X ={1,2,3,4)andd: X x X — E
given by d(z,y) = (|x —y |,| * —y |), we see that T and f do not satisfy
condition (3.2) forx =y =4 and z = 1.

Example 2. Let E = R P = {(z,y) € E\z,y 0}, = [0,2] and
d: X x X — E such that d(z,y) = (| z —y |3, | y 3). Then d
is a cone b-metric on X. Indeed, d(z,y) < 8[d(z, z) + d(z y)]. However
d(0,2) = (8,8) > (2,2) =d(0,1) + d(1,2) and so d is not a cone metric on
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X. Let T: X? = X and f: X — Xbe defined as follows:

T(a,y) = 2+ %, if (2,3) € [0,1] x [0, 1]
T(z,y) = (xgy) 4 Z if (2,y) € [1,2] x [1,2]
.’L'2
T(x,y) = ( ;_y) + z, if (z,y) € [0,1] x [1,2]
T 2
T(z,y) = \ ;y)+z, if (2,y) € [1,2] x [0,1]
f(x) = 22, if x € [0,1]
flx) =z, if z € [1,2).

We will prove that T and f satisfies condition (3.2).
elaborated in Case 1 and the remaining cases are in brief.

Case 1. z,y,z € [0,1]

d(T(x,y),T(y, 2))

The method is

= (| T(z,y) = T(y,2) ,| T(x,y) = T(y,2) )
222 x2722
= (| == | %)
z2— —z 22—g2 2_ 2
< (8(1 ZFL P+ | E5E ), 8( 5 PP+ | K5 )
(64(|~”U —y |3+!y 2P gl =y P+ =22 )
=gl 2® = Pl =y )+ (1 =2 P =22 1)
< 55 ma X{d(fx,fy),d(fy,fZ)}
Case 2. z,y € [0,1] and z € [1, 2]
12 2 2 2 $2 2 2 2
d(T(l‘ay)vT(?ﬁ Z)) = (| —8~_y -4 I |37| Iy -4 ; |3)

< (8(] B P4 02 P, 8(| 5L P4 | 22 Py)
< L max{d(fz, fy),d(fy, f2)}
Case 3. z € [0,1] and y,z € [1, 2]
d(T(x,y), T(y, 2)) = (| S5 — w42 3| 2y wkz 3y
= (| 252 P,) 22 Py
< (8( 22X P + 3),8(1 T P | 452 1P)
< 35 max{d(fz, fy),d(fy, fz)}
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Case 4. z,y,z € [1,2]
d(T(x,y), T(y, 2))

(| g — v P 25—y o)

B L P+ %5 P).8( 52 P+ 52 P)
3 max{(fz, fy),d(fy. f2)}.
Similarly in all other cases d(T'(z,y), T (y, z)) < 3% max{(fz, fy),d(fy, fz)}.

Thus, f and T satisfy condition (3.2) with gb(wl,_xg) = max{x1,z2}. We see
that C(f,T) =1, f and T commute at 1. Finally, 1 is the unique common

fixed point of f and T.
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